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^ ! Abstract 

Q ■ It is observed that the entropy reduction (the information gain in the initial ter- 

0^ , minology) of an efficient (ideal or pure) quantum measurement coincides with the 

generalized quantum mutual information of a q-c channel mapping an a priori state to 
the corresponding posteriori probability distribution of the outcomes of the measure- 
ment. This observation makes it possible to define the entropy reduction for arbitrary 
a priori states (not only for states with finite von Neumann entropy) and to study its 
analytical properties by using general properties of the quantum mutual information. 

By using this approach one can show that the entropy reduction of an efficient 
quantum measurement is a nonnegative lower semicontinuous concave function on the 
set of all a priori states having continuous restrictions to subsets on which the von Neu- 
■ mann entropy is continuous. Monotonicity and subadditivity of the entropy reduction 

are also easily proved by this method. 

A simple continuity condition for the entropy reduction and for the mean posteriori 
ff"} ■ entropy considered as functions of a pair (a priori state, measurement) is obtained. 

A characterization of an irreducible measurement (in the Ozawa sense) which is not 
efficient is considered in the Appendix. 
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1 Introduction 



The notion of a quantum measurement plays a key role in quantum theory. One of quan- 
titative characteristics of a quantum measurement is the entropy reduction^ defined as a 
difference between the von Neumann entropy of an a priori (pre- measurement) state and 
the mean von Neumann entropy of the corresponding posteriori (post-measurement) states. 
Roughly speaking, the entropy reduction characterizes a degree of purifying ("gain in pu- 
rity" ) of a state in a measurement process. More details about the information sense of this 
value can be found in [Hi [151 12] • 

An interesting question concerns the sign of the entropy reduction. Groenewold has 
conjectured in [6] and Lindblad has proved in [12] that the entropy reduction is nonnegative 
for quantum measurements of the von Neumann-Luders type. The general case has been 
studied by Ozawa, who has proved in [21 J that the entropy reduction is nonnegative if and 
only if the quantum measurement is quasicomplete (also called irreducible in [19]) in the 
sense that for an arbitrary pure a priori state the corresponding family of posteriori states 
consists of pure states (for almost all outcomes). The class of quasicomplete (irreducible) 
quantum measurements contains the class of efficient or pure measurement (cf. [TO f [TT | [15]) 
described in Section 3.1. Quantum measurements belonging to the gap between these two 
classes are characterized in the Appendix as measurements with quite singular properties. 

In this paper we show that the entropy reduction of an efficient (pure) quantum measure- 
ment can be expressed via the (generalized) quantum mutual information of the quantum- 
classical channel mapping an a priori state to the corresponding posteriori probability dis- 
tribution of the outcomes of the measurement. This makes it possible to define the entropy 
reduction for arbitrary a priori states (not only for states with finite von Neumann entropy) 
and to study its analytical properties by using results concerning the quantum mutual in- 
formation of infinite-dimensional channels [8]. 

The paper is organized as follows. In the first part we restrict attention to the case of 
quantum measurements with a discrete set of outcomes, which is more simple mathemati- 
cally. In the second part we consider the case of general quantum measurements described 
by completely positive instruments by generalizing the notion of the quantum mutual infor- 
mation for channels taking values in the space of normal states of an arbitrary W'-algebra. 

2 The discrete case 

Let ft be a separable Hilbert space, 23 (ft) - the Banach space of all bounded operators in ft 
with the operator norm || • ||, X(ft) - the Banach space of all trace-class operators in ft with 
the trace norm || • ||i = Tr| • |, containing the cone X+(ft) of all positive trace-class operators. 
The closed convex subset ©(ft) = {A E T+(ft) \ TyA = 1} is a complete separable metric 
space with the metric defined by the trace norm. Operators in ©(ft) are denoted p, a,u, ... 
and called density operators or states since each density operator uniquely defines a normal 
state on 33 (ft) [3]. 

The identity operator in a Hilbert space ft and the identity transformation of the set 
T(ft) will be denoted Iy_ and ldy_ correspondingly. 

1 It was originally called the information gain (cf . [SJ [TJ1 [5T] ) but then the terminology had been changed 
(some arguments explaining this change can be found in [4]). 
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For an arbitrary state u G &(% <S> K) the partial states Tr^u; and Tr^u; will be denoted 
w w and u/c- 

We will use the following natural extension of the von Neumann entropy H (p) = —Tip log p 
of a quantum state p G &{%) to the cone T+(%) of all positive trace-class operators 

H(A) = Ti AH ( — - J = Trr?M) - r/(TrA), rj(x) = -xlogx@ 
\ TrA J 

The quantum relative entropy is defined for arbitrary operators A and B in X + ("H) as 
follows 

H(A\\B) = ^{i\(A\ogA-A\ogB + B-A)\i) } (1) 

i 

where {\i}} is the orthonormal basis of eigenvectors of A and it is assumed that H (A \\B) = 
+00 if suppA is not contained in suppl? [13J. 

A linear completely positive trace-preserving map $ : X("H) — > %{'H') is called a quantum 
channel [9j [T7] . 

By the Stinespring dilation theorem there exist a separable Hilbert space "H" and an 
isometry V : H — > H' <E> "H" such that 

= Tr w /y^F*, VAgT(H). (2) 

The quantum channel 

%{H) 3 A^$(A) = Tr n »VAV* G %{U") (3) 

is called complementary^ to the channel it is uniquely defined up to unitary equivalence 
0- 

The quantum mutual information is an important entropic characteristic of a channel 
$ : T('H) — > T('H / ) related to the entanglement-assisted classical capacity of this channel 
[HJ [T7]. In finite dimensions it is defined at arbitrary state p G <3("H) by the expression 

(cf-DP) 

I(p, $) = + F($(p)) - H($(p)). (4) 

In infinite dimensions this expression may contain uncertainty "00 — 00", but it can be 
modified to avoid this problem as follows 

I{p,$) = H($®ld K (p)\\$®Id K (p®Q)), (5) 

where K is a Hilbert space isomorphic to "H, p is a purification^ of the state p in the space 
%®1C and q = Tr-up is a state in (5(/C) isomorphic to p. Analytical properties of the function 
(p, $) 1 — y I(p, $) defined by ([5]) in the infinite dimensional case are studied in [H]. 

An efficient quantum measurement DJl with a countable outcome set X = {xj}j g / is 
described by a set {Vi} ie i of operators in Q3("H) such that J2 i£l V*Vi = I^. Applying this 
measurement to an arbitrary a priori state p G ©("H) results in the posteriori probability 
distribution {7Vi(p)} i( zi, where 7Tj(p) = TiVipV* is the probability of the outcome Xi, and 



2 log denotes the natural logarithm. 

3 The channel $ is also called conjugate or canonically dual to the channel <I> [161 124) . 



This means that Tr^p = p. 
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the corresponding family of posteriori states {p^}, e /, where pi = (■Ki(p))~ 1 VipV* . Thus 
Sie/ % i(p) H (pi) = H(VipV*) is the mean entropy of posteriori states. The entropy 
reduction of the quantum measurement 9JT at an a priori state p with finite entropy is the 
following value 

ER{p,m) = H(p) -J2Mp)H(Pi) = H(p) -J2H(V lP Vn- 

iei iei 

Let Hx be a Hilbert space having dimension coinciding with the cardinality of the out- 
come set X. Consider the quantum channel 

1(H) Il m (A) = J2 Tl [ y i AV *} \<Pi)(<Pi\ e ^x), (6) 

iei 

where {\<Pi)}iei is a particular orthonormal basis in % x - The channel is a quantum mod- 
ification of the quantum-classical channel mapping a state p to the probability distribution 
{^i(p)}iei- It is essential that 

ER(p,Wl) = I(p,U m ) (7) 

for any state p in &(H) with finite entropy If H ({fti(p)}iei) < +00 this equality directly 
follows from (jlj), since n OT (-) = J2iei UiVi(-)V*U* , where {Ui} i€ i is a family of isometrical 
embedding of H into © ie/ Hi, Hi = fi, such that U{H — In general case it can be easily 
deduced^ from [HI Proposition 3 and Theorem 1] . 

Equality (j7j) obtained under the condition H(p) < +00 makes it possible to consider the 
entropy reduction of an efficient quantum measurement with a countable outcome set as a 
function on the whole space of a priori states. 

Definition 1. The entropy reduction of an efficient quantum measurement 5DT = {V^}j G i- 
at an arbitrary a priori state p is defined as follows 

ER(p,Tl) = I(p,U m ), 

where il^ is the quantum channel defined by (jBD. 

By equality (0) this definition is consistent with the conventional one. Its main advantage 
consists in possibility to study the function p \-t ER(p, VJH) on the whole space of a priori 
states by using properties of the quantum mutual information (many of them follow from 
the corresponding properties of the quantum relative entropy). 

Theorem 1. Let QJt be an efficient measurement in a Hilbert space H with a countable 
outcome set. The function p 1— > ER(p, 2Jt) is nonnegative concave and lower semicontinuous 
on the set &(H). It has the following properties: 

1) {ER(p,WV) = 0} <^ {pi = p Vz s.t. 7Tj(p) 7^ 0}, where {^(p)} and {pi} are respectively 
the posteriori probability distribution and the family of posteriori states corresponding to 
an a priori state p; 

2) continuity on any subset of &(R) on which the von Neumann entropy is continuous: 

lim H(p n ) = H(po) < +00 lim ER(p n , Wl) = ER(p , Wt) < +00 

71— > + OC 71— > + 00 

for any sequence {p n } of states converging to a state po/ 

5 It can be proved directly by the obvious modification of the proof of Proposition [3] in Section 3.2. 



4 



3) monotonicity: for arbitrary efficient measurements 9rt = {Vi}i & i and 91 = {Uj}j(zj in a 
Hilbert space % with the outcome sets X and Y the inequality 

ER(p, m o 9rt) > ER(p, 9tt) (8) 

holds for any p G &(%), where 91 o 9rt is the measurement in the space % with the 
outcome set X x Y determined by the family {UjVi}i £ ij £ j; 

4) subadditivity: for arbitrary efficient measurements 9rt = {Vi} ie i and 91 = {Uj}j e j in 
Hilbert spaces % and K. with the outcome sets X and Y the inequality 

ER(u,Wl®m) < ER(u H , 9rt) + ER(u K , 9t) (9) 

holds for any u G <8> K,), where 9rt ® 9t is the measurement in the space T-L®K, with 
the outcome set 1x7 determined by the family {Vi <8> Uj}i & ij & ,j. 

Proof. 1) Note that the equality 

er( p , art) = i( P , rifjjj) = H(u m ® id^(p) ||n OT ( P ) <8i e ) = o, 

where p is a purification of p and g = Tr^p, means 

n OT ® idjc(p) = u m { P ) ® e (io) 

by the well known property of the relative entropy. 

Let p = J2 k ^k\k){k\ and p = Ylijk \^V^k\j)(k\ ® It is easy to see that ({TO]) is 

equivalent to 

(k\V?K\j) = 5 jk TrV i *V i p = 6 jk n i (p) for all (11) 

" ■<= " □ Let ^ = (7Tj(p)) _1 Tr^Vi ® Ijc ■ f> -V* ® Ijc- Then £>j = p^ and hence ^ = g, since 
g = p. By noting that p = Yli£i n i(p)Qi we conclude from Lemma [6] in the Appendix that 
gi = g for all i. Since g { = (^(p))" 1 y/^V^k[^V i \j){k\V i *]\j)(k\ and g = £ fc A fc |fc)(A;|, 
we obtain ffTT]) . 

" =^> " Relations (HI]) mean that PV*ViP = n{p)P for each i, where P = Y. k \ k )( k \ is 
the projector on the support of the state p. Thus (7Tj(p)) _1 / 2 ViP is a partial isometry and 
hence pi = (7Tj(p)) _1 ViP pPV* = p for each i such that 7Tj(p) 7^ 0. 

2) This directly follows from Proposition 4 in [8]. 

3) This follows from the 1-st chain rule for the quantum mutual information (property 3 
in Proposition 1 in [8]). Indeed, 

IW^)= Yl Tr l v * u Fi v * A ]\ i )( i \®\j)(i\> A e 5(H), 

iei,jeJ 

where {|z)}j e j and are particular orthonormal bases in the spaces Hx and "Hy, and 

hence U m (A) = Tr Wy rLjt oOT (^4). 

4) This follows from subadditivity of the quantum mutual information (property 5 in 
Proposition 1 in |8J), since n^ar = IT OT ® LLjj. □ 

6 " <= " is obvious only if the state p has finite entropy. 
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Consider the question of continuity of the entropy reduction with respect to "perturba- 
tion" of quantum measurements. 

Let M("H) be the set of all efficient quantum measurements in the Hilbert space % 
with finite or countable set of outcomes identified with the set of all sequences {Vj}^ of 
operators in Q3(7{) such that V*Vi = I-u endowed with the topology of coordinate-wise 

strong operator convergence. Proposition 1 in [8] and Corollary 2 in |8] imply the following 
assertion. 

Proposition 1. The function 

(p,m) \-> ER(pM) (12) 

is lower semicontinuous on the set x M("H). Let A be an arbitrary subset of ©("H) 

on which the von Neumann entropy is continuous. Then function IpJ^) is continuous on the 
set A x M(H). 

By Proposition [T] and Proposition 6.6 in [TS] function (fT2"j) is continuous on the set 
JCn,h x M("H), where K,h,h is the set of states with the mean energy TrHp not exceeding h > 
provided the Hamiltonian H of the quantum system satisfies the condition Tie~ XH < +oo 
for all A > (which holds, for example, for the Hamiltonian of the system of quantum 
oscillators) . 



3 The general case 

3.1 On properties of efficient (pure) instruments 

A general quantum measurement in a Hilbert space % with the measurable outcome set 
{X, J 7 } is described by a special mathematical object called instrument, which was intro- 
duced by Davis and Lewis [5]. An instrument DJl (in a space of states) is a a-additive measure 
on {X, J 7 } taking values within the set of quantum operations - completely positive trace- 
non-increasing linear transformations of T("H) such that VJt(X) is a channel (see the detailed 
definition in [2JE1QI]). 

Let p be an arbitrary a priori state in (3("H). Then the outcome of the measurement 
VJt is contained in a set F G T with probability TrWt(F) [p] . If this probability is nonzero 
then (Tr9Jl(F)[p])~ 1 07t(F)[p] is the corresponding posteriori state of the system. Thus 
F h-> p p (F) = Tr9Jt(F)[p] is the posteriori probability measure on the outcome set {X, J 7 } 
corresponding to the a priori state p. 

Ozawa proved in [20] existence of a family {p x }xex of posteriori states defined for p p -&l- 
most all x such that the function x y Tr Ap x is J-'-measurable for any A e QS('H) and 

p x p, p (dx) = Wl(F)[p] VF G J 7 . (Bochner integral) 

By using the family {p x } x€X one can consider the mean entropy of posteriori state 
J x H(p x )p p (dx) and assuming that H(p) < +oo one can define the entropy reduction as 
follows 

ER(p,m) = H(p) - [ H( Px )p p (dx). 
Jx 

This is a natural generalization of the entropy reduction considered in Section 2 for the class 
of measurements with a countable set of outcomes. 
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Ozawa proved in [21] that ER(p, 9Jt) is nonnegative if and only if the instrument 9Jt is 
irreducible in the sense of the following definition^] 

Definition 2. An instrument 9JT is called irreducible if for an arbitrary pure a priori 
state p the posteriori states p x are pure for /i p -almost all x. 

An arbitrary instrument 971 in a Hilbert space H can be represented as follow^ 

m*(F)[A] = V* ■ A®P(F)-V, Ae 93(H), (13) 

where V is an isometry from H into H <S> Ho and P(F) is a spectral measure in Ho [19] (see 
also HO]). 

The following notion introduced in [10] is a natural generalization of the notion of an 
efficient measurement with a countable outcome set. 

Definition 3. An instrument 971 is called efficient or pure if it has representation ( TIB"]) 
with the spectral measure P(F) of multiplicity one@ 

In [10] it is shown that an efficient instrument is irreducible. The converse assertion is not 
true (see Example [TJ in the Appendix). A characterization of a quantum instrument, which 
is irreducible but not efficient, and a simple sufficient condition providing equivalence of 
efficiency and irreducibility are presented respectively in Proposition [5] and in Corollary [3] in 
the Appendix. This characterization shows that a quantum instrument, which is irreducible 
but not efficient, has quite singular properties. 

It is the class of efficient instruments to which the results of Section 2 can be extended. 
We will use the following characterization of such instruments, where 991 <S) ^J/c denotes the 
instrument 9Jt(-) ® Id^ in the Hilbert space H £g> K, with the outcome set of the instrument 
9JI. 

Proposition 2. Let 9Jt be an instrument in a Hilbert space H with the outcome set 
{X, J 7 }. The following statements are equivalent: 

(i) the instrument 9Jt is efficient; 

(ii) the instrument 9Jt <E> Zk i> s irreducible for 2-D Hilbert space /C; 

(iii) the instrument 9Jt <g> Zk i> s irreducible for a separable Hilbert space K,; 

(iv) there exists a positive a -finite measure p on {X, J 7 }, a dense domain T> C H and a 
function x h- > V(x) defined for p-almost all x, such that V(x) is a linear operator 
from T> to H, satisfying 

(tp\Wl*(F)iA}tp) = [ (V(x)ip\AV{x)(p)n(dx) 
Jf 

for any ipeV, F E J 7 , Ae 93(H). 

(v) statement (iv) holds with D = \in{\(pi)}, where {\<Pi)} is a given arbitrary orthonormal 
basis in H. 

7 In |21j the term quasicomplete is used. The term irreducible seems to be more reasonable, it appeared 
in [19] and is used in the subsequent papers. 

8 The map M*(F) : «B(?{) -> 93 (W) is a dual map to the map 9Jt(F) : 1(H) -> 1(U) . 
9 Below we will use the term efficient to be consistent with the accepted terminology. 



7 



Proof, (i) =>■ (iii). It is easy to see that the instruments 9JT and DJl®3ic have represen- 
tation (fHfl) with the same spectral measure. Hence efficiency of 9Jt is equivalent to efficiency 
of OJt <8> ^x;- As mentioned after the proof of Theorem 1 in [10J any efficient instrument is 
irreducible. 

(iii) =>- (ii) is obvious, since the instrument in (ii) can be considered as a restriction of 
the instrument in (iii). 

(ii) =>• (v). By Theorem 1 in [10] and its proof there exist a positive cr-fmite measure p 
on {X, J 7 } and a countable family {x t— > V k (x)} k of functions defined for /i-almost all x, 
such that V k (x) is a linear operator from T> = lin({|<y?j)}) to H, satisfying 



(<p\Wr(F)[A]<p) = / J2( v ^W\AV k (x)if)f,(dx) 
Jf k 

for any cp E V, F e J 7 , A G 23("H). Consider the family {Vfc(x) = V^.(x) <g) Id^} of linear 
operators from T> = \m({(pi ® 0j}jj) to 7i <S> 1C, where is an orthonormal basis of the 

space /C. By using the polarization identity it is easy to show that 

(<p\Wr(F)®Id K [C\<p) = [ y2(V k (x)0\CV k (x)0)fi(dx) 

Jp k 

for any <p E V, F 6 J 7 , C E Q3("H <8> JC). Hence for the instrument 9JT <E> Zk an d a pure a 
priori state p = \<p)(<p\ (where (p E T>) we have 

^p(rfx) = ^ \\V k (x)<p\\ 2 n(dx) (14) 
while the posteriori state corresponding to the outcome x G X \ Xj~ is 

where X| = {x G X | £ fc ||T4(:r)<£|| 2 = 0} is a set such that ^s(X|) = [TD]. 

By noting that the instrument 971 <S> 3/c is irreducible and by using ( 1T4"1) one can show 
existence of a set X^ G J 7 such that p(X \ X<p) = and the above state p x is pure for any 
xEX \X s . 

Let T>q be a countable subset of X> consisting of finite linear combinations of the vectors of 
the family {tpi®<fij}ij with rational coefficients. Let X = C\&eD X<p £ J 7 . Then p(X\X ) = 
and the state p x defined by (TT5T) is pure for all <p G Po and all x G X \X|. Hence the family 
{\Vk( x )0}}k consists of collinear vectors for all <p G V and all x G X . Since the rank of the 
operator V k (x) is either or > 1, Lemma [5] in the Appendix shows that V k (x) = X k (x)Vi(x) 
and hence V k (x) = X k (x)Vi(x), where X k (x) G C, for all k and all x G X . 



Consider the linear operator V(x) = \/^ k \X k (x)\ 2 Vi(x) defined on the set V for all 
x G Xq. It is easy to see that 



(<p\1Br(F)[A]<p) = I (V(x)<p\AV(x)ip)p(dx) 
for any ip G V, F G J 7 , A G 
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(v) =>- (vi) is obvious. 

(iv) =>■ (i). By the condition the linear operator 



V3 ip^t V(x)<p G L 2 (X, F, p, H) = H ® L 2 (X, F, p) 



is isometrical and hence it can be extended to the isometry V from H into H £g> L 2 (X, F, p). 
A direct verification shows that 



for any vector tp in H, where P(-) is the spectral measure defined as follows 
(P(F)f)(x) = XF( x )f(x) for any / G L 2 (X,F,p), where Xf(') is the indicator function 
of the set F G F. Thus the instrument OJt is efficient. □ 

We will also use the following simple observations. 

Lemma 1. 1) For arbitrary efficient instruments OJt and 0t in a separable Hilbert space 
H with the outcome sets {X,F} and {Y, £} the instrument OToOJt in the space H with the 
outcome set {1x7, F®£}, defined by the relation OToOJT(F x E) = OT(P) oOJt(F), F G F, 
E G £ , is efficient. 

2) For arbitrary efficient instruments QJt and OT in separable Hilbert spaces H and K. 
with the outcome sets {X, F} and {¥,£} the instrument OH <8> Ot in the space H <8> JC with 
the outcome set {X x Y, F <g> £}, defined by the relation OJt g> 0?(F x E) = Tt(F) g> 01(E), 
F G J 7 , E & £, is efficient. 

Proof. It is easy to show that the instruments OToOJt and OJTcgiOT have representation ffT3]) 
with the spectral measure P<m Cg> P^, where P<xn and Pyj are spectral measures corresponding 
to the instruments OJT and 01. □ 

3.2 A representation of the entropy reduction 

To extend the results of the previous section to the case of general type measurement consider 
the construction proposed by Barchielli and Lupieri in [2]. Choose a positive complete 
measure po on (X, F) such that p p is absolutely continuous with respect to po for all p in 
(this can be done by using the measure p Po , where po is a given full rank state in 
6(H)). Let Loo^X, F, po, 23(H)) be the W*-algebra of po-essentially bounded 03(%)-valued 
weakly* measurable functions on X with the predual Banach space Li(X, F, po, T('H)) of 
X(%)- valued Bochner // -i n t e g ra ble functions on X. By Theorem 2 in [2] with an arbitrary 
instrument OJt one can associate a channel A^j : L^X, F, po, 03("H)) — » 03("H) defined by 
the relation 



The preadjoint channel Am : T("H) —> Li(X, F, po, T("H)) produces the posteriori family as 



(<p\WV(F)[A]<p) = (V<p\(A®P(F))V<p) = (<p\V*(A®P(F))Vcp) 




A G 03(H), / G L 



CO 



(X,F,p ), pe&(H). 



follows 




Tra(x) ^ 
Trcr(:r) = 



(16) 
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where a(x) is a particular representative of the class Agji(p), while the function Tra(x) is a 
probability density (the Radon- Nikodym derivative) of the measure p p with respect to the 
measure p . 

Consider the channel IT^ : L^X, J 7 , /i ) — > 03 (H) defined by the relation 



The preadjoint channel Ilgjt : T("H) — > Li(X, J 7 , fi ) maps an arbitrary a priori state p to the 
probability density of the posteriori measure fi p with respect to the measure fi and hence 
it can be considered as a natural generalization of the channel Ilgjt defined by ([6]) . 
Note that Ilgjt = 60 A<uj, where B is the preadjoint channel of the channel 



Since the channel U<m defined by ffTTj) has no purely quantum modification, to extend the 
results of Section 2 we have to generalize the notion of quantum mutual information. 

Definition 4. Let A be an arbitrary VF*-algebra and $* : A — > 25(7/) be a channel with 
the preadjoint channel $ : T(H) — > A*. Let p be a state in &{H). The quantum mutual 
information of the channel $ at the state p is defined as follows 



where K, is a Hilbert space isomorphic to p is a purification of the state p in the space 
% ® /C, £> = Tr^p is a state in @(/C) isomorphic to p and i^(-||-) is the relative entropy for 
two states in {A® 23(/C))*. 

Remark 1. It is natural to ask about validity for the above-defined value of the prop- 
erties of the quantum mutual information of a purely quantum infinite dimensional channel 
presented in Propositions 1 and 4 in [8]. Since the proofs of these propositions can not be 
directly generalized to the case of a channel considered in Definition HI the above question 
is not trivial. 

Here we note only that for an arbitrary channel $ : T("H) i-> A* the function p 1— > I(p, $) 
is nonnegative and lower semicontinuous and that for an arbitrary channel \1/ : A* — > 23*, 
where 53 is an other W / *-algebra, the inequality I(p, \P o $) < J(p, $) holds for all p (the 
1-st chain rule). These properties follow from nonnegativity and lower semicontinuity of the 
relative entropy, Lemma 2 in [8] and Uhlmann's monotonicity theorem [18] . 

Since we will use Definition 0] with A = L^i^X, J 7 , p , ^B(H)), we will deal with the 
relative entropy for states in (A £g> Q3(/C))* = Li(X, J 7 , p , %{% ® /C)). 

The relative entropy for two states o\ and cr 2 in L\{X, J 7 , p , T(H)) can be expressed as 
follows 




/ 




(17) 







J(p,$) = #($<8>Id,c(p)||$®Id,c(p<M), 




x 



Tr ((7i (x) (log <ti (2) - log cr 2 (x) ) ) p (dx) 




(18) 




Tr o"x(x) Tr cr 2 (x) 



di(x) o" 2 (x) 



) 



pi(dx) + H c (pi || p 2 ), 
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where pi(dx) = Tro"i(:r) po(dx) (see jH formula (4)]). In this expression H q denotes the 
quantum relative entropy for two positive trace class operators defined by (CO), while H c 
denotes the classical relative entropy for two probability measures, that is H c (pi || p 2 ) 



For an arbitrary instrument 971 equality (GO) does not hold, but one can prove the following 
estimation. 

Proposition 3. Let 971 be an arbitrary instrument in a Hilbert space % with the outcome 
set {X, J 7 } and p be a state in (5("H) with finite entropy. Let p be a purification of the state 
p in the space H <S> /C. Then 



where ILjjt is the quantum- classical channel defined by [T7\ ), p p (-) = TrOJt(-)[p] and {p x } is 
the family of posteriori states corresponding to the instrument OJt(-) = 9H(-) ® Idx and the a 
priori state p. 

Proof. Consider the channels 



A^: Lx{X,T, Hq,%{H)) and : %{H <g> K) Lt(X, F, p , %(U ® K)) 



produced by the Barchielli-Lupieri construction described before (since p w (-) — TrWl(-)[uj] = 
Trffll(-)[cun] = Pui n (-) for any uj G &(H <8> JC), we can use the same measure p in the both 
cases). By noting that L^X, 7, p , <B{U® K)) = L^X, J 7 , p , 23(7/)) ® *B(/C) it is easy to 
show that Agjj = A^ <g> Id^. 

Let {p x } be the family of posteriori states obtained via a given representative of the 
class A^p) by the rule similar to (ITol) . It is easy to see that {p x = Tr^p x } is the family 
of posteriori states for the instrument 9Jt corresponding to the a priori state p. Since the 
instrument Wl is localized in the space H we have J x Tr-up x p p (dx) = Tr-^p = g = p. By 
using expression (|T8|) we obtain 



/(p, n OT ) = h (n«j)t ® id K (p) || n OT (p) g> <?) 
= H(e® idjc(A^(p)) || n OT (p) ®o) = f x ^C^wA* lleKM 

= _ ix H(Tr H p x )p p (dx) + J x Tr(Tr n p x (- log g))p p (dx) 
= ~ fx H(Ti H p x )p p (dx) + Tig (- log o) 
= - Jx H(p x )p p {dx)] + j x {H(TY)cp x ) - H{TT H p x ))p p {dx). 



By the triangle inequality the absolute value of the last term in this expression is majorized 

Propositions [2] and [3] imply the following generalization of equality (|7j). 

Corollary 1. Lei 971 be an efficient instrument in a Hilbert space "H. Then ER(p,9Jl) = 
J(p, ILjrt) /or any state p m @("H) with finite entropy. 
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Corollary [TJ makes it possible to consider the entropy reduction of an efficient quantum 
measurement not only for a priori states with finite entropy and motivates the following 
extended version of Definition [TJ 

Definition 5. The entropy reduction of an efficient instrument 9Jt in a Hilbert space H 
at an arbitrary a priori state p G is defined as follows 

ER(p,M) = I(p,U m ), 

where is the quantum-classical channel defined by ffTT|) . 
The following theorem is an extended version of Theorem [TJ 

Theorem 2. Let 9Jt be an arbitrary efficient instrument in a Hilbert space H. The 
function p i— > ER(p,$Jl) is nonnegative concave and lower semicontinuous on the set 
It has the following properties: 

1) {ER(p, £DT) = 0} <^ {p x = p for p p -almost all x}, where {p x } and p p are respectively 
the family of posteriori states and the posteriori probability measure corresponding to the 
a priori state p; 

2) continuity on any subset of (5("H) on which the von Neumann entropy is continuous: 

lim H(p n ) = H(p ) < +oo => lim ER(p n , fXJt) = ER(p , TV) < +oo 

11— >+0O 71— >+oo 

for any sequence {p n } of states converging to a state po; 

3) monotonicity: for arbitrary efficient instruments %R and in a separable Hilbert space 
H the inequality 

er(p, mom)> er( p , m) (19) 

holds for any p E 

4) subadditivity: for arbitrary efficient instruments DJl and 9? in separable Hilbert spaces % 
and /C the inequality 

ER(u,m®m)<ER(uj H ,m) + ER(u K ,m) (20) 

holds for any uG6(^0iC)0 

Proof. By Definition lower semicontinuity of the function p i— > ER(p, QTt) follows from 
the second part of Remark [TJ 

Concavity of the function p i— >■ ER(p, DJl) on the convex subset of states with finite 
entropy follows from inequality (56) in [2]. Concavity of this function on the set can 
be proved by using lower semicontinuity of this function and Lemma [2] below (see the proof 
of Proposition 1 in [S]). 

Below we will use the notations introduced in the proof of Proposition [3J 
1) Note that 

ER(p, Tt) = I(p, Um) = H (0 ® Id^A^p)) || 9(A OT (p)) ® g) = 

10 The instrument 9t o 2H is denned in Lemma [1] 

11 The instrument 9t ® 2t is defined in Lemma [TJ 
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means 

e ® u K (A^(p)) = e(A OT (p)) ® e 

by the well known property of the relative entropy. This equality holds if and only if 

Tr w p x = q for almost all a;. (21) 

"<£=" Let £> x = Tr^p x . Since the instrument 9Jt is irreducible (by Proposition [5]), we 
have p x = g x for p p -almost all x and hence Q x — Q = Tr-^p for p p -almost all x. Since the 
instrument 9Jt is localized in the space H, we have Q = j x QxP P {dx). Thus Lemma El in the 
Appendix implies (]2"T]). 

Since the instrument 971 is irreducible (by Proposition [2]), it follows from ( 12 ip that 
p x = Tr/cPx = TrnPx = Q = P for p p -almost all x. 

2) This property follows from identity (I24j) in Lemma [3] below, since the both summands 
in the left side of this identity are lower semicontinuous functions on the set 6("H) by the 
second part of Remark [TJ 

3) This follows from the 1-st chain rule for the generalized quantum mutual information 
mentioned in the second part of Remark [IJ Indeed, let po be a measure on {X x Y, J 7 <g> 8} 
chosen in accordance with the Barchielli-Lupieri construction for the instrument 9T o OJt and 
vq be a measure on {X, J 7 } such that v${F) = po(F x Y) for any F G J 7 . Since 9T(Y) is 
a trace preserving map, we have TrOT o 9Jl(F x Y)[p] = Tr*tt(Y)[9Jt(F)[p]] = Tr9Jt(F)[p] for 
any F £ J 7 and p G ©("H). Hence the measure z^o can be used in the Barchielli-Lupieri 
construction for the instrument DJi. Let H be a channel from Li(X x Y, J 7 (g> £,po) to 
Li(X, J 7 , z/ ) preadjoint to the channel 

Loq(JC", J 7 ,^) 3 /■->■ S*(/) = /® 1„ G Loo(X x Y, F®£,hq), 

where / <g> lj,(x, y) = f(x)l(y). Then Ilgjt = S o n^oon- This follows from the relation 

Tr pU^ om o »*(/) = Tr plW/ ® l y ) = J XxY f(x)Trm(dy)pl(dx)[p}} 

= J x f(x)TiTt(dx)[p] = TipU* dn (f), pee(H), /GIJI/,^), 

which can be proved easily by noting that 9t(Y) is a trace preserving map. 

4) Let p an d i/q be measures on {X, J 7 } and on {Y, £} chosen in accordance with the 
Barchielli-Lupieri construction for the instruments 9Jt and 91 correspondingly. Then for the 
instrument 9Jt ® 9t one can take the measure po <S> v§. By noting that 

LJJL x Y, J" ® 5, po ® i/o, 93(H (8) K)) = L^X, T, p , 93(H)) ® L^Y, £, i/ , ©(£)) 

it is easy to show that = A^ ® A^. 

Let w be a state in (5("H <g) /C) such that H(uy) and H(uk) are finite. Then inequality 
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fl20|) for the state u follows from the inequality 

H(u H ) + H(ujc) — H(uo) = H(uo || u n ® ujc) 
> H(A mm (u)) || A m (u n ) <g) A^cjjc)) 
> j XxY H q (u xy || (lu h ) x <S> {u K )y)ii u ,{dxdy) = - f XxY H(u X y)LL w (dxdy) 
+ Ixxy Tr u *y ((~ l °g( u n)x) ® I K + In® (- \og{u K ) y )) fiu(dxdy) 
= ~ Ixxy H {u X y)Hw{dxdy) + J x H{(u H ) x )ii Wn {dx) + J Y H((u K ) y )iJ, LdK (dy) 
obtain by using monotonicity of the relative entropy, expression (1181) and the equalities 
f XxY TiLo X y((-\og(Lo H )x) <8> lK)v>u{dxdy) = j x H{(u n ) x )^ H {dx), 
Jxxy Tru ^( / « ® (-log(wic)v))lJ>u(dxdy) = J Y H((u K ) y )fi U)K (dy). 



(22) 



Prove the first of the above equalities. Let / be a continuous bounded function on R. Then 
f{{u n ) x ) G L^XiJF^oMU)) and 

Ixxy ^^(/((^m)*) ® Iic)^(dxdy) = (Affltatj^w), f((u n ) x ) <g> (I* ® l y )) 
= Tru;A^(/((a; w ) x .) ® (7 K ® 1„)) = Tr u H A* m (f((u H ) x )) = 

= (A m (uj u ), f((u H ) x )} = J x Tr(u n ) x f((u n ) x )^ H (dx). 

Hence the first equality in ff22l) can be proved by using approximation of the function — log x 
on [0, 1] by an increasing sequence of continuous bounded functions and the monotone con- 
vergence theorem. 

Let u° be an arbitrary state in &{H®K). Let {P n } and {Q n } be increasing sequences of 
finite rank spectral projectors of the states and cu^ strongly converging to the operators 
1% and Ik correspondingly. Consider the sequence of states 

u n = (Tr ((P n <g> Q n ) ■ w ))" 1 {P n ® Q n ) ■ u° ■ (P n ® Q n ), 

converging to the state a; . A direct verification shows that 

^n^u — w « and \ n ^K — ^Jo where A n = Tr ((P n ® Q n ) ■ u>°) . 

Hence concavity and lower semicontinuity of the entropy reduction imply 

lim ER(ujZ,M) = ER(u&,9Jl) and lim ER(uj^, 9t) = ER(uj^, 0T) 

n— >+oo 1 1 n— >+oo 

(this can be shown by using the arguments from the proof of [231 Lemma 6]). 

Since inequality (|20|) holds with u = u 11 for all n, these limit relations and lower semi- 
continuity of the entropy reduction show that inequality (12"U|) holds for the state u°. □ 
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Lemma 2. Let 971 be an efficient instrument in a Hilbert space H and po be a state 
in &(T-L) with the spectral representation p = Ylt=i -M e i)( e i|- Let p n = c~ l YH=i W e i) ( e i\> 
where c n = YH=i K for each n, then 

lim ER(p n , 97T) = ER(p , 071). 

n— >+oo 

Proof. Let /C = H and P n = Ym=\ l e «)( e il De a projector in /C, n = 1,2... Consider the 
value 

J n = ^(Ilgjt <g> ld K (p n )\\U m (p ) ® g n ) 



where 



2J A/^Ail e i)( e il ® l e i)( e il' Pn = C n l I n <g) P n ■ po ■ I H ® P n , 
»>j=l 

go = Tr-^po, g n = Tr w p n and ^/ n (') = Pn{-)P n is a map from T(/C) to itself. We will show 
that 

lim I n = H{Il m ® Idjc(A)) II n OT (p ) ® £0) = ER{p ,M). (23) 

Let o"i(x) and o" 2 (x) be representatives of the classes U<m <g> Id^(p ) and n OT (p ) ® f?o cor- 
respondingly. Then c~ l P n a\(x)P n and c~ 1 P n a2{x)P n are respectively representatives of the 
classes c" 1 ]!^ ® ^n(po) and c~ 1 nru t (p ) ® ^n(^o)- Expression ( |T8l) implies 

J « = / x c~ 1 if 9 (P n (7 1 (x)P n || P n a 2 (x)P n )p (dx), 

H (U m <g> Id/c(po) || n 9K (p ) <g> g ) = J x H^a^x) \\ a 2 (x))p (dx) 

Hence (123]) follows from Lemma 4 in [13] and the monotone convergence theorem. 
By using expression (flgj) we obtain 

0<I n -ER(p n ,Wl) = H c (p p Jp po ) = [ \og^^±p Pn (dx)<-logc n 

since c n p Pn {F) < p Po {F) for all F e 7. Hence lim n (J n - ER(p n , 971)) = 0. This and 
imply the assertion of the lemma. □ 

Lemma 3. Let p be a state in such that H(p) < +00. T/ien 

/(p,IL Bt )+/(p,A fflt ) = 2H(p). (24) 

Proof. Since the instrument 97t is irreducible (by Proposition [2]) and is localized in the 
space H we have H(p x ) = for p p - almost all x G X and J x Tr n p x p p (dx) = Tr w p = q = p. 
By using expression ffTSl) we obtain 

I{p,A m ) = H (A s j ! (p) || Aot(p) ® £>) = / x i^ g (px || Px ® g)p p (dx) 
= - fx H{px)p P {dx) + J x Tr /C p :r (- logp :r )p p ((ix) + J x Tr w p a; (- log g)p p {dx) 
= J x Trp x (- log p x )fJL p (dx) + Tig (- log g) = J x H(p x )p p (dx) + H(p). 
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This expression and Corollary [T] imply fl21]). □ 

Remark 2. By proving concavity of the function p i-> I(p, Agjt) and by using Lemma 6 
in [23] one can show validity of equality ( 124"1) for any p in &(%). By comparing this equality 
with the assertion of Theorem 1 in [8] we see that the channel plays the role of the 
complementary channel to the channel Ilgjt. Strictly speaking, this holds in the discrete case 
when the q-c channel IIot can be considered as a purely quantum channel (see Section 2). 

The following proposition is a generalization of Proposition [TJ 

Proposition 4. Let {9JT n } be a sequence of efficient quantum instruments with the same 
outcome space {X, J 7 } converging to the instrument DJIq in the following sense 

|| • Id- lim Wt n (F)[p\ = m (F)[p] VF 6J,VpG &{U). (25) 

Then for an arbitrary sequence {p n } of states in ©(%) converging to a state po the following 
relation holds 

liminf ER{p n ,m n ) > ER(p ,Wl ). 

n— H-oo 

If, in addition, lim n _>. +00 H(p n ) = H(p ) < +oo then 

lim ER(p n ,m n ) = ER(p ,Wt ). 

n— >+oo 



Proof. By Lemma 2 in [8j there exists a sequence {p n } of purifications of the states {p n } 
converging to a purification p of the state po- By using Lemma H] below it is easy to show 
that p.w.-lim n -+ +00 A mn (p n ) = A OTo (p ) and p.w.-\im n ^ +00 A^ n (p n ) = A^ o (p )- 

The first assertion follows from lower semicontinuity of the relative entropy with respect 
to pointwise convergence of states [HI Corollary 5.12]. 

The second assertion follows from identity (1241) in Lemma [31 since by the above arguments 
we have 

liminf I(p n ,U mn ) > I(p ,U. mo ) and liminf I(p n , AgnJ > I(p , A mo ). □ 

n— >+oo n— ^+oo 

Proposition H] implies the following "continuous" version of the third assertion of Corol- 
lary 2 in [8J. Let (H)^^ = J x H(p x )p p (dx) be the mean entropy of posteriori states 
corresponding to a quantum instrument 9JT and an a priory state p. 

Corollary 2. Let {VJt n } be a sequence of efficient quantum instruments with the same 
outcome space {X, J 7 } converging to the instrument DJIq in the sense of (TJSJ) and {p n } be a 
sequence in <3(H) converging to a state p such that lim n _>. +00 H(p n ) = H(p ) < +oo. Then 

lim (H)s mn p n = (H) mo<po . 

n— »+oo 

It is easy to see that there exists a positive complete measure p on (X, J 7 ) which can be 
used in the Barchielli-Lupieri construction for each instrument from the sequence {9Jt„}. 

Lemma 4. Convergence of the sequence {9Jt„,} to the instrument Wl defined by 
means that 

p.w.- lim Ag^GrO = A<m (p) Vp G 6(H), (26) 
that is lim n _j. +00 (A OTn (p), A) = (A m (p)^) f or any A e L^X, J 7 , fi , 53(H)). 
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Proof. Note first that lim n _ >+00 (Ag Jln (p), xf <S> A) — (A mo (p),XF <E> A), where xf is the 
indicator function of the set P G F and A G 23(H), means that lim n ^ +00 TiDJl n (F)[p]A = 
TrWl (F)[p]A. Thus §M) implies (125]). 

To prove the converse implication assume that Ho is a finite-dimensional subspace of 
H. Since L^X, J 7 , p , Q3(Ho)) coincides with the C*-tensor product of L^X, F, po) and 
23(Ho), arbitrary y4 G L^X, J 7 , /i , 23(Ho)) can be approximated in the norm topology by 
a sequence {A m } belonging to the linear span of the set {\f <8> A \ F G F, A G 23(Ho)}- As 
mentioned before ( 125]) implies lim n _j, +00 (Af)f)i„(p), An) = (AgK (p), A m ) for each m. By using 
the standard argumentation we conclude that lim n _^ +00 (Asrj;„(p), A Q ) = (Aot (p)) A))- 

Note that (1251) implies that the set {DJl n (X)[p]} n > of states in ©(H) is compact. By the 
compactness criterion for subsets of ©(H) (see Lemma 10 in [23]) for arbitrary e > there 
exists a finite dimensional projector P £ such that Tr9?T ri (A)[p]P £ 1 < e for all n = 0, 1,2, 
where P £ = 1% — P £ . This means that 

/ TrP e ± a n (a;)/io(rfa;) < £ for all n = 0, 1, 2, (27) 

where a n (x) is a representative of the class K<^ n {p). 

Let e > be arbitrary and A(x) be a representative of a class A G L^pf, J 7 , /i , 03(H)). 
Then ^ 

(A OTn (p),yl) = J x TrA(x)cr n (x)^ (rfa;) 

= f x Tr P e A(x)P E cr n (x)p (dx) + J x TrP £ - L A(x)P e a„(x)^o(^) 

+ J x Ti P £ A(x) P £ L a n (x) po(dx) + J x TrP £ ± A(x)P £ ± a n (x)p (dx). 

By means of (1271) it is easy to show that the last three terms in this expression are less 
than s\\A\\ for all n = 0, 1,2, ... As proved before (1251) implies that the first term tends to 
J x TiP £ A(x)P £ a (x)p (dx), since P £ A(x)P £ G 93(P £ (H)). Thus we conclude that ([26]) holds. 
□ 

4 Appendix 

4.1 A characterization of a quantum instrument which is irre- 
ducible but not efficient 

In Theorem 1 in [TD] the representation of a quantum instrument analogous to the Kraus 
representation of a completely positive map is obtained. By this theorem for an arbitrary 
instrument DJl in a Hilbert space H with the outcome set {X, F} there exists a positive 
cr- finite measure p on {X, F}, a dense domain DcH and a countable family of functions 
x i — y Vfc(x) defined for /^-almost all x, such that Vk(x) is a linear operator from P to H, 
satisfying 

M9T(P)L%>= / ^(V k {x)tp\AV k (x)<p)iJi{dx) 
Jf k 

for any tp G T>, P G J 7 , A G 23(H). We may assume that for each x the all nonzero operators 
from the family T4(x) are not proportional to each other, since if Vk>(xo) = Wk(xo) for some 
xq and A G C then we may replace Vk(xo) by a/1 + | ApV^ (x ) and consider that Vk>(xo) = 0. 
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The instrument 9Jt is efficient if and only if Vk(x) = for k > 1 and /i-almost all x. This 
follows from the proof of Theorem 1 in [10] and the proof of the implication (iv) =>■ (i) in 
Proposition [2J 

So, if the instrument DJl is not efficient then there exists a subset F s of X such that 
Wl(F s ) ^ and F 2 (x) ^ for all x G 

Proposition 5. // the instrument Wl is irreducible but not efficient then for p,-almost 
all x in F s the all nonzero operators Vk(x) has the same one dimensional range (depending 
on x), that is Vk(x)\f) = u)k(x)[(p]\i(i x ) for all <p G T>, where Uk{x) is a linear functional 
defined on V (not necessary bounded) and ip x is a unit vector in Ti (not depending on tp). 
This means that 

(ip\m*(F)[A]<p) = [ (rf> 9 \A4>x) E MaOMlVM (28) 
Jf k 

for any <p eV, A G <B(%) and F G 7 such that F C F s . 

It follows that for an arbitrary a priori state p the posteriori state is p x = \ifj x )(ip x \ f or 
Hp- almost all x G F s (that is, p x does not depend on p). 

This assertion can be obtained by using the arguments from the proof of the implication 
(ii) =>■ (iv) in Proposition [2] with dim/C = 1. The only difference appears at the point where 
Lemma [5] is used, since in this case we can not exclude the possibility of rank V k (x) — 1. It 
is this possibility that prevents to prove that any irreducible instrument is efficient. 

Corollary 3. If 9JI is an instrument not taking values within the set of nonzero entang- 
lement-breaking quantum operation^ then DJl is efficient if and only if QJt is irreducible. 

Proof. Let QJt be a instrument in a Hilbert space H with the outcome set {X, J 7 }, which 
is irreducible but not efficient. By Proposition [5] there exists a positive a-fmite measure p 
on {X, J 7 }, a subset F of X such that VJt(F) ^ 0, a dense domain T> C "H, a family 
{x i — y u>k{x)}k of functions on F, such that Uk{x) is a linear functional defined on T> for each 
x G F, and a function x t- >■ ip x on F such that ip x is a unit vector in % for each x G F, for 
which relation (1251) holds. By using the polarization identity one can show that 

m(F)[\i Pl )(i P2 \]= [ IVsXVzI yWaObi] u^^Kcfe), (29) 

where J denotes the Bochner integral. 

Let cj = X}ii=i ® be a pure state in &(H ® /C), where {^j}™! C T> and 

{</>i}™! C /C. Then fl23J implies 



9tt(F) <8> kbc(w) = / iV'jc)^! ® ^ ^ uj k (x)[(pi] u k (x)[tfj] \4>i){4>j\ V-{ dx ) 

k i,i=l 



12 We assume that if Vk(x) — then Vk'(x) — for all k' > k. 

13 A quantum operation $ is called entanglement-breaking if for an arbitrary state to in & {^-L®K), where K 
is a separable Hilbert space, the operator $ (g) Id/e(w) belongs to the convex closure of the product-operators 
A®B, AeZ+iH), B €%+(tC). 
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where |7/*) = YlT=i u k{x)[pi}\4>i) is a vector in /C. It follows that the operator VJH(F) <g)IcLc(u;) 
is separable. Since an arbitrary pure state in &(H<S>]C) can be approximated by a sequence of 
above- considered states, the operator 9DT(F)(g>Id;c(w) is separable for any state u; G &{H®1C). 
Thus the operation SDt(F) is entanglement-breaking. □ 

Example 1. Let P be a spectral projector valued measure on a measurable space {X, J 7 } 
and |-0o) be a fixed unit vector in H. Then the instrument Wt(F)[p] = [TrP(F)p]\'tp )('tp \ is 
obviously irreducible, but it is efficient if and only if the spectral measure P has (uniform) 
multiplicity one, since it is easy to see that the spectral measure from representation ( fi~3l) 
coincides with P. Note that the channel DJl(X) : p i-> \ip ) {vfj \ is entanglement-breaking. 

4.2 Two auxiliary lemmas 

Lemma 5. Lei £i = lin({y?j} ig N) be a linear space and L\ be a countable subset of L\ 
consisting of finite linear combinations of the vectors p\,p 2 i--- with rational coefficients. 
Let {A k } be a finite or countable family of nonzero linear operators from L\ to a linear 
space L 2 such that the set {A k (p)} C L 2 consists of collinear vectors for any p G L\. If at 
least one operator in the family {A k } has rank > 1 then A k = X k Ai for all k, where {X k } 
is a set of nonzero scalars. 

Proof. Suppose rank^i > 1 and k is arbitrary. By the condition A k (p) = X^Ai(p) for 
all ip G L^ \ ker Ai. We will show that A^ does not depend on p. 

Since rank^ > 1, without loss of generality we may assume that the vectors Ai(pi) 
and Ai(p 2 ) are not collinear. Let tp = C\p\ + c 2 p 2 , where c\ and c 2 are nonzero rational 
coefficients. By linearity we have 

A k (tp) = XfA^) = XHdAM + caAxM) 

and 

A k (ip) = ciA fe (^i) + c 2 A k (p 2 ) = aXfAxfa) + c 2 X k ° 2 A 1 (p 2 ). 

Hence A^ 1 = A^ 2 . Let p be an arbitrary vector in \ ker A±. Then the vector Ai((p) is not 
collinear with Ai(pi), where either i = 1 or % — 2. By repeating the above arguments for the 
pair (p, p^ instead of (ipi, p 2 ) we obtain A^ = A£\ Thus A^ = X k for all ip G L° \ ker A\. 

If Xk = then A k (p) = for all <p G L^ \ ker A\. This implies A k = contradicting 
to the assumption. Indeed, if pi G kerAi for some i then ipi = (p^ + pi) — p\ and hence 
A k (pi) = A k (pi + pi) - A k {p{) = 0. 

Thus we have 

A k (p) = XkA^p) for all p G L? \ ker A 1 , where A fc ^ 0. (30) 

Hence the vectors A k (pi) and A k (p 2 ) are not collinear. By repeating the above arguments 
with Ak instead of Ai and Ai instead of A k we obtain 

A x (p) = X' k A k {p) for all p G L° \ ker A k , where A^ ^ 0. (31) 

It follows from (I3"U|) and f[3~Tl) that A k (pi) = X k Ai(p.i) for all i G N and hence A k = X k Ai. □ 

Lemma 6. Let {vr Q ,p a } 6e a countable or continuous ensemble of states in such 
that p a = p for all a, where p is the average state of this ensemble. Then p a = p for all a. 
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The assertion of this lemma follows from existence of a finite strictly convex function on 
the set &{%) depending only on the spectrum of a state. As the simplest example one can 
consider the function f(p) = Tip 2 . 
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